Abstract -A class of nonrecursive cascaded-lattice structures is derived. for the implementation of finite-impulse response (FIR) digital filters. The building blocks are lossless and the transfer function can be implemented as a sequence of planar rotations. The structures can be used for the synthesis of any scalar FIR transfer function H(z) with no restriction on the location of zeros; at the same time, all the lattice coefficients have magnitude bounded above by unity. The structures have excellent passband sensitivity because of inherent passivity, and are automatically internally scaled, in an L, sense.
Abstract -A class of nonrecursive cascaded-lattice structures is derived. for the implementation of finite-impulse response (FIR) digital filters. The building blocks are lossless and the transfer function can be implemented as a sequence of planar rotations. The structures can be used for the synthesis of any scalar FIR transfer function H(z) with no restriction on the location of zeros; at the same time, all the lattice coefficients have magnitude bounded above by unity. The structures have excellent passband sensitivity because of inherent passivity, and are automatically internally scaled, in an L, sense.
The ideas are also extended for the realization of a bank of M FIR transfer functions as a cascaded lattice. Applications of these structures in subband coding and in multirate signal processing are outlined. Numerical design examples are included.
I. INTRODDCTI~N T HERE EXIST A number of methods [l] - [8] for the design of low-sensitivity infinite impulse response (IIR) digital filters. Notable among these are the wellknown wave-digital filters [l] , [2] , orthogonal digital filters 141, and certain types of lattice filters [6] , [7] . Some of these methods are based on the notion of pseudopassivity, while certain others are based on orthogonality of internal computations. The lattice digital filters reported thus far can also be related to autoregressive/moving average modeling techniques [9]- [ll] . The relation between these families of filters has also been known for some time [14] , [24] , [25] , WI.
In principle, any stable IIR digital filter transfer function can be implemented as an orthogonal filter [4] , [5] , [14] , with planar rotation building blocks. The purpose of this paper is to develop passive structures for arbitrary finite impulse response (FIR) transfer functions and FIR filter banks based on planar rotation building blocks. An important feature of many of the well-known IIR digital filter structures having favorable finite-wordlength properties is that some or all of the internal building blocks are passive in a certain sense, and this has been favorably exploited [7] , [12] , [13] to obtain low-sensitivity designs free of limit cycles. A normalized version of the passivitybased structures results in orthogonal implementations [6] , Manuscript received July 2, 1985; revised June 6, 1986 . This work was supported m part by the National Science Foundation under Grant ECS 84-04245 and in part by Caltech's program in Advanced Technology sponsored by Aerojet General, General Motors, GTE, and TRW.
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IEEE Log Number 8610176. [14] for IIR filters, which have the additional advantage that all internal signals are scaled in the 1, sense, thus rendering additional scaling effort unnecessary. When implementing FIR digital filters, there is clearly no possibility of limit cycles, as long as the structure is nonrecursive.' However, it is still of interest to obtain structures that have low sensitivity. It is also desirable to have normalized structures, which in addition have low noise.
Schuessler [15] , [16] has studied quantization effects in FIR filters, and a variety of interesting structures based on polynomial-interpolation theory can be found in [16] . Chan and Rabiner [17] , [lS] have done extensive research on cascade-form FIR filters, with particular emphasis on the ordering of the sections to attain optimal noise/dynamic range performance. The general conclusion seems to be that direct-form implementations of FIR filters have poor stopband sensitivity while cascade-form realizations have reasonably good stopband sensitivity, even though the passband behavior tends to deteriorate when the multiplier coefficients are quantized. Moreover, unless the cascading order is properly chosen, the roundoff noise gain can be excessively large.
A class of FIR lattice digital filters has been studied by Makhoul and others [lo] , [ll] , [21] in the context *of linear-predictive coding of signals. A subset of these structures naturally arises while solving the "normal equations" via Levinson's recursion. A main feature of these structures is that, as long as the multiplier coefficients k, (called the "reflection" coefficients) are bounded (in magnitude) by unity, a pair of FIR transfer functions G(z) and H(z) can be realized where G(z) has minimum phase and H(z) has maximum phase. However, with kf < 1, one cannot realize arbitrary transfer functions, for example, an equiripple FIR filter with some of its zeros on the unit circle of the z-plane. (It is, however, easy to force all zeros to be on the unit circle [22] simply by setting the "rightmost k," to *l.)
The FIR lattice filters arising out of linear-predictive coding of signals have an IIR counterpart, typically called the "synthesis filters" [ll] . The IIR or recursive counterpart, also known as the Gray-and-Markel filter structure ' Recursive realizations of FIR filters, such as the frequency-sampling structures, can, theoretically support limit cycles.
0098-4094/86/1100-1045$01.00 01986 IEEE [6] , [7] , has several equivalent forms, one of them being the "normalized" lattice form [6] . These IIR structures are known to have passivity properties [7] , and in addition, the normalized lattice is based on a cascade of orthogonal (planar rotation) building blocks. The IIR structures have excellent "robustness" properties under quantized conditions. Even though this IIR version has passivity properties, the FIR counterpart does not (this will be elaborated on in Section V).
The FIR lattice structures we introduce in this paper are not related to linear-predictive coding in the sense that the "corresponding" IIR versions do not necessarily represent a maximum-entropy spectral model [ll] of any appropriate time series. The new FIR structures are characterized by a set of coefficients k, such that k,? < 1, yet any arbitrary FIR transfer function H(z) with no restriction on the zero locations can be realized. (Accordingly, the "corresponding" IIR version does not necessarily represent a stable filter.) These FIR structures are based on simple interconnections of orthogonal (planar rotation) building blocks, and are "passive" in the same sense (to be elaborated on) as the well-known orthogonal and wave-digital IIR filters. They are automatically internally scaled and have low passband sensitivity. In spite of the fact that they are in the form of a nonrecursive cascade, we do not encounter serious roundoff noise problems. Indeed, the noise-variance gain is bounded above by the filter order, exactly as in the direct-form structure [19] , [20] . Finally, these structures seem to be a natural choice for certain types of filter banks and multirate subband coding applications involving"quadrature mirror filters" [23] .
In Section II, we briefly review the structural-passivity concept and its relation to low sensitivity. Section III introduces the new FIR lossless lattice structures. A synthesis procedure is presented in this section so that an arbitrary FIR transfer function (not necessarily linear phase) can be implemented in this form. The result of synthesis is a one-input two-output structure, with transfer functions G(z) and H(z), where G(z) is the desired FIR function and H(t) is an auxiliary function such that (G(ej")(2 + ]H(ej")12 =l. We thus have a bank of two filters. Section IV is a study of certain important properties of this class of structures. Next, in Section V, we review the relation between the new structures and certain well-known lattice structures for digital filtering. In Section VI, we extend the idea of Section III to the case of a filter bank of M FIR transfer functions G,,(z), G,(z),-. .> G,-,(z) realized as a cascaded lossless FIR lattice structure. The bank is such that ]Go(eiW) (* + . . . ]G,-,(e@)]' = 1. Section VII presents a general roundoff-noise/dynamic range analysis, which applies to all structures presented in the paper. In Section VIII, applications in analysis/synthesis filter banks are presented. Finally, in Section IX, we present an application of the structures in multirate digital filtering, where sampling-rate changes are involved in addition to linear time-invariant filtering.
Notations Used in the Sequel: In this paper, superscript t stands for matrix transposition, whereas superscript dagger (t) stands for transposition followed by complex conjugation. Bold-faced letters indicate vectors and matrices. The tilde accent stands for transposition followed by reciprocation of functional argument; for example, E?(z) = H'( z-l). The notation A < B (where A and B are square matrices of equal dimensions) is abbreviation for "B -A is positive semidefinite." Similarly, A < B means "B -A is positive definite." 1, (with subscript possibly omitted) denotes the identity matrix of dimension m X m. For a (real symmetric) positive definite matrix P, we define its square root P1l2 according to the factorization P = P'/2P'/2, where P'12 is the transpose of P112.
II. STRUCTURAL BOUNDEDNESS AND Low SENSITIVITY
A stable digital filter transfer function H(z) with real coefficients is said to be bounded real (BR) if (ff(e+)( Gl, for all w. 0) If equality holds in (1) for all w, then H(z) is said to be lossless bounded real (LBR). An implementation is said to be structurally passive or structurally bounded [24] if, regardless of the multiplier values (as long as they are in a well-defined range such as -1~ mk < l), the transfer function satisfies (1). If the multiplier values in a structurally passive implementation are such that ]H(ejw)] attains the upper bound of unity in the passband( then the structure has low passband sensitivity [14] , [24] . It is useful to extend these definitions to the matrix case. A stable transfer matrix H(z) with real coefficients is BR if Ht(ej")H(ej") Q I for all w, and LBR (or "allpass") if this inequality becomes an equality for all o.
Given an FIR BR transfer function H(z) of order N satisfying (1) we can always find another FIR BR function G(z) such that lG(ejw)12 + JH(ej")J2 =l, for all w.
(2) The vector G,(z) = [H(z) G(z)]' of order N is, hence, FIR LBR (or "allpass"), and we show how this FIR vector' can be realized in terms of FIR lossless building blocks. Such a realization exhibits low sensitivity in the passbands of both G(z) and H(z). This idea of embedding H(z) into a vector GN(z) is easily generalized. Thus, given M -1 FIR BR transfer functions G,(z), G,(z), . . . , G,-,(z) such that
for all w, we can always find an FIR BR function G,-,(z) such that the vector G,(z) = [G,(z),G,(z); . .,G,_i(z)]' is FIR LBR (or "allpass").
III. LA~ICE STRUCTURES FOR TWO-COMPONENT FIR ALLPASS VECTORS Let us assume that we have an FIR allpass vector n=O (4) It is possible that one of them, say, P,-,(z), has linear phase. However, in view of the allpass property
it is not possible for both P,-,(z) and QN-i( z) to have linear phase, except in some trivial situations [31] . We wish to synthesize G,-i(z) as a nonrecursive cascaded-lattice structure. The basic step in the synthesis procedure is the order-reduction problem, which we address next. Q,+,(z) = c qm+l,nz-n n=O (6) tn+~(z>L+,(z)+ &z+dz)Qm+dz> =I-
We wish to realize G,+,(z) in the form shown in Fig. 1 , where 7m + i( z) is a first-order 2 X 2 FIR allpass matrix, and where G,(z) = [P,(z) Q,(z)]' is a lower order FIR allpass vector cl(z) = it Pw,nz-" n=O Q,(z) = 2 q,,nz-"
Repeated application of the order-reduction process results in the desired cascaded-lattice realization. In order to accomplish this order reductionwe note that the allpass property of (7) implies, in particular, %?+1 (4 = [; zol] w
Having taken care of these simple situations, let us now assume that none of the four quantities in the left-hand side of (10) is zero. Define L(z) = km+lPm+l (4 + kn+lQm+dz) (12) where k -4,+1,,+1 m+1= P:+I,m+I + 4ri+l,m+l (13) L Pm+l,m+l m+1= (14 P zI+l,m+l + 4il+1,m+1 Clearly, with the above choice, the highest power, i.e., Z-("'+l) cancels on the right-hand side of (12) . Now consider the quantity -6 ,+,f'm+,(z) + km+lQm+dz).
05)
In view of (10) and the choices of kmtl and krn+i, we have
Hence, the constant term in (15) is zero. In other words, if we force the highest term on the right-hand side of (12) to zero, then the lowest term in (15) is automatically zero because of the LBR property of G,+,(z). Accordingly, if we define G,
with k,+l and i,,,+i as in (13) and (14), then P,(z) and Q,(z) indeed h ave lower order. Moreover, from (17)
i.e., 
satisfies i;n+l~m+l = I and is, hence, LBR. Equation (19) Fig. 2 . Implementation of G,+,(z) from G,,,(z) Fig. 3 . The resulting cascaded-lattice structure.
therefore implies which shows that G,(z) is indeed lower order FIR allpass. This then completes the order reduction problem. Fig. 2 shows the implementation of Gm+i(z), in terms of G,(z) and ~~+i(z). Fig. 3 shows the cascaded-lattice structure that results by repeated application of the above process by starting with the FIR allpass function G,_ 1( z) =[P,-,(z) QNWl(z)]'. Equation (17) which represents the "downward recursion" can also be rewritten as and this leads to a lattice section with minor difference in internal details. Equation (17), which enables us to synthesize the structure starting from G,-,(z), is called the downwards recursion scheme, whereas (18), which enables us to compute G,-,(z) starting from a set of values k,, k,; . ., k,_,, is called the upwards recursion.
B. Properties of the Cascaded FIR Lattice Structure 1) It follows from (13) and (14) that the structure of Fig. 3 has* ki < 1 for all m, and moreover ki + /$i =l. Thus, the cascade shown in Fig. 3 is made of "building blocks" that are planar rotation operators, with successive building blocks being separated by a delay. The structure is therefore highly modular, and moreover only adjacent building blocks are directly connected. Notice that each planar rotation is equivalent to a complex-multiplication operation, with real and imaginary parts of operands and results defined in an obvious manner.
2) Given any FIR filter transfer function PNpl(z) with no restrictions on the zero locations, we can always obtain an implementation as in Fig. 3 with kz G 1, as long as IPN-l(e'")12 <l.
3) The structure of Fig. 3 can also be looked upon as the interconnection of 2X2 LBR structures with transfer *If ki = 0 or 1, we call the corresponding section in Fig. 3 matrices as in (20) . Accordingly, we call the structure a cascaded normalized lattice structure, or a cascaded lossless lattice structure. 4) Because of the allpass property of Gm+l(z), (10) holds, which gives us an alternative expression for k,, 1 and I$ m+l of (13) and (14) k m+l= /* lktl= /*.
Substitution of (23) into (12) reveals that, in view of (lo) , the term corresponding to the highest power zern-' cancels in (12) . Accordingly, the signs of kmtl and R,,,, 1 are those
In fact, only the relative signs of k m+l and krn+1 matters in the order-reduction process.
5) Unless each building block is implemented as a planar rotation, the total number of multipliers per section is four. Thus, a pair of (N -l)th-order FIR filters PNpl(z) and QNpl(z) requires 4(N -1) + 2 multipliers, i.e., (2N -1) per transfer function. Recall that the direct-form implementation requires only N multipliers (and only about N/2 for linear-phase filters). The increased multiplier overhead can be explained by observing that the normalized building blocks render it unnecessary to perform internal signal-scaling in the structure of Fig. 3 . (Normalized realizations always have multiplier-overhead [4] [5] [6] .) Moreover, the structure of Fig. 3 has low passband sensitivity as expected from the structural-boundedness property and as demonstrated in later sections.
It is possible to obtain "denormalized lattice-sections" as shown in Fig. 4 . This structure is particularly feasible when the values of ki or &i are reasonably close to unity, as happens in most digital filtering examples. Notice that the multipliers (Y, in the denormalized sections continue to satisfy Iam] < 1. The denormalized structure requires N +l multipliers per transfer function. For filters with nonlinear phase, this is the same as for a direct-form implementation. For structures with linear phase, it is shown in Section IV that the lattice coefficients have a symmetry, i.e., k, = k k,-,-,; however, it is not clear how this can be exploited to reduce the number of multipliers by a factor of two. specifications: passband edge wP = 0.1967~, stopband edge w, = 0.27~, passband peak ripple 6, < 0.0013, stopband attenuation A, > 32 dB. The desired filter order turns out to be N -1 = 60. Once the BR transfer function PNpl(z) is obtained, QNPl(z) can be found by solving for a spectral factor . Mian and Namer [26] have outlined a procedure for computing spectral factors without going through tedious root-finding procedures. The method outlined in [26] works even if there are zeros on the unit circle, and is based on the computation of the complex cepstrum of a suitably modified sequence that does not have zeros on the unit circle. Once PNml(z) and QNP1(z) are obtained, the lattice structure of Fig. 3 can be synthesized as described earlier.
Notice that QNPl(z) doe: not have linear phase. The lattice coefficients k, and k, are tabulated in Table I for 0 i m G 30. In view of the linear phase nature of PNel(z), the lattice coefficients k, satisfy a symmetry property (see (36)) as shown in Section IV. Accordingly, we have not listed k31,. . . , k,,. Notice that a number of k-parameters have magnitude close to unity, and an unscaled version of the corresponding lattice sections can be used without seriously affecting internal scaling. Fig. 5 shows the magnitude responses IPNwl(ej")l and ]Q,-,(ejU)] of the simulated FIR lattice of Fig. 3 In order to demonstrate the low passband-sensitivity properties of the cascaded FIR lattice structures, the denormalized lattice structure for the above pair of transfer functions has been simulated, with coefficients quantized to three binary bits in canonic sign-digit code. More three powers of two. The resulting frequency response magnitude ]PN-i(ejo)] is shown in Fig. 6 for the cascaded FIR lattice structures, and for a conventional direct-form implementation quantized in the same manner. Even though the direct form has somewhat better stopband performance, the passband details shown in Fig. 6 (a) clearly demonstrate the excellent passband behavior of the lattice structure.
IV. ADDITIONAL PROPERTIES OF THE FIR CASCADED-LATTICE STRUCTURES
In this section, we establish a few more interesting properties of the cascaded lossless lattice structures developed in Section III. For simplicity, we assume that none of the k-parameters is "degenerate," i.e., 0 # kz # 1 for any m. At the expense of additional notational complexity, all the properties we wish to study can be restated when this assumption is not true. Let us first consider the cascade shown in Fig. 7 , which represents a cascade of IYI + 1 LBR sections.
Property 1: Let T(Z) = [qj] represent the LBR transfer matrix of this overall cascade, i.e., let
Then its elements are related as follows
Because of the linear-phase property of Ti2(z), we have the following symmetry relation:
(29) where A is a constant equal to 1 or -1. Recall our assumption that none of the lattice sections is degenerate. Accor_dingly, 0 # kfzl in (28), and we have, by (28) and (29) 
whereas qj(z) are defined according to (24). Prcperty 3: If T12(z) has linear phase, then S,,(z)'has linear phase.
Proof: In order to show. this, first recall that the qj(z) parameters satisfy (25) whereas the parameters Sij( z) satisfy s,,(z) = z-'"-w22(z-1) S,,(z) = -z-'"-"s21(z-1).. For the case of m = 0, (25) can be explicitly verified. Next, assuming that the relation of this form is true for a cascade of m sections, it can be shown that it continues to be true if a new section is added to the cascade. In this manner, (25) can be inductively established; details are omitted. Property 2: In the cascade of Fig. 7 , let T12(z) be a linear phase FIR transfer function. Then the following is from which we obtain
Recall that (25) and (31) 
s &X ::I-,,.,-, Accordingly, kf = ki,,, ki = ki; * .,and so on. This property follows merely by applying Properties 2 and 3 repeatedly to the cascaded structure of Fig. 7 .
The main consequence of these properties is the following: in the structure of Fig. 3 , if PNel(z) is a linear-phase transfer function, then the following is true:
The denormalized structure of Fig. 4 immediately reveals the graphical similarity of the new lattice filters to the well-known FIR filter lattice structures arising in linear-prediction theory (reproduced in Fig. 9 ) [lo] , [ll] , [21] . However, the. main difference is the appearance of a negative sign in each section of Fig. 4 , unlike in linear-prediction FIR filters. This difference makes it possible for the circuit to realize arbitrary FIR transfer functions (within a scale factor) with arbitrary magnitude and phase responses.
The building blocks represented by (20) are themselves well known in the implementation of IIR orthogonal filters and IIR lattice digital filters [6] , [14] . The normalized nature of these building blocks is primarily responsible for several excellent finite-wordlength properties of IIR orthogonal and lattice filters. Similar properties are inherited by the FIR structures of Fig. 3 , as elaborated on later.
It is well known that the FIR filter of Fig. 9 arising in linear prediction is associated with a "corresponding" IIR digital filter, as shown in Fig. 10 . The values of the corresponding k-parameters are the same in Figs. 9 and 10. The transfer functions H(z) and z-(~-')H(z-~) in 
Thus, G,(z) is an "all-pole" function, whereas G2( z) is allpass. The normalized version of the structure of Fig. 10 , known as the normalized Gray-and-Markel IIR cascaded lattice, is shown in Fig. 11 . Notice that the basic building blocks in the IIR structure of Fig. 11 have the same transfer matrix as the FIR filter building blocks in Fig. 3 . The fact that the linear-prediction FIR filter of Fig. 9 has a "corresponding" IIR version in the sense described above raises the following question: What is the IIR filter structure that "corresponds" to the FIR structure of Fig.  3 ? The answer is easy to find, but the resulting structures do not seem to have particularly interesting properties. For example, the denominator of the IIR version turns out to be P,+l(z), which is an arbitrary (not necessarily minimum-phase) polynomial. Thus, even with all ki < 1, there is no guarantee that the IIR structure results in stable transfer functions under a quantized environment. For completeness of discussion, Fig. 12 shows the basic building block of this IIR filter. The transfer matrix of this building block is not LBR, and, hence, the IIR structure of Fig. 12 has no relation to orthogonal implementations.
Relation to Continuous-Time Electrical Networks
Since each building block in our structure of Fig. 3 is lossless, it is possible, in principle, to find a counterpart of our structures in the continuous-time domain. This can be done by employing the bilinear transformation and the wave-to-immittance transformations. Subsequent to the revision of this manuscript, a recent reference [32] was brought to our attention by its author, in a private conversation. This reference indicates how a FIR filter can be derived from certain electrical networks by the wave-filter approach. 
VI. EXTENSION OF THE SYNTHESIS, PROCEDURE
A typical application of such filter banks is in subband coding, and Sections VIII and IX deal with some of the applications. The purpose of this section is to outline a procedure for synthesizing a structure for such filter banks, based on a cascade of lossless lattice building blocks. We begin by considering three-component FIR allpass vectors. In order to synthesize a three-component FIR allpass function of the form G,-,(z) = [P,-,(z) QN--l(z)RN--l(~)]f as a cascade of appropriate lattice building blocks, we should first extend the "order-reduction" scheme of Section III to the three-component case. Fig. 13 . Realization of G,+,(z).
In view of (43) and (46) Gm+~ ( 
P ~+lJn+l + 4zl+1,m+1
Clearly, the highest term in the right-hand side of (42) 
We have thus produced two lower order polynomials P,(z), Q,(z) by employing the following equations:
where k:, kt < 1, and kf + i,' =l, i =1,2. We finally wish to produce the third mth-order polynomial R,(z) such
is FIR allpass. This can be accomplished by "completing" the 2 x 3 matrix in (50) by adding a third row such that the 3 X 3 matrix becomes orthogonal
In view of the fact that kf + kj? =l, i ;1,2, the matrix .x-In+1 is indeed orthogonal, hence 6ntz>Pm(z>+ &ztz)Q,tz)+ &ntz)R,tz) = tn+,tzkz+ltz)+ kn+~tz)Qm+,tz) + ~i,+lt4Rm+lt4 =l. (52) It only remains to show that R,,,(z) is of order m. Now, the highest coefficient of R,(z) is given, according to (51) by r m,m+l =R2(~1~m+l,m+l-k14,+1,,+1)-k,r,+,,,+,.
Substituting from (43), (48), and (49), eq. (53) immediately reveals that r, m+l = 0. Thus, R,(z) is an mth-order polynomial. In 'conclusion, we have generated a lower order FIR allpass vector G,(z) as in (41) starting from the FIR allpass vector G,+,(z) of (39a), such that (51) holds. Inversion of (51) Notice that the quantities k, and k, in (57) should have had an additional subscript (m + 1) in order to indicate the "section number." As a matter of notational simplicity, we omit this subscript. It is clear that by repeated application of the order-reduction procedure, we can synthesize any three-component FIR allpass vector in the form of a normalized cascaded-lattice structure (or orthogonal structure) as shown in Fig. 15 , where constants PO, Q,, R, are such that Pt + Qi + Ri = 1. 
where w. = (0.43)2~, and N-1 = 30. The transfer functions P30(z) and Q30(z) are scaled so that IP30(e'")j2 + ]Q;o(e'")]2 ~1. The third FIR function R30(~) is chosen such that (39b) holds. The required spectral factorization is done using [26] . The frequency response of the resulting cascaded lossless lattice structure is shown in Fig. 16(a) .
The quantized lattice implementation, with 4 bits per k-parameter, has a frequency response as shown in Fig.  16(b) , and is close to the ideal response of Fig. 16(a) .
B. Further Generalizations
Recall the order-reduction scheme of Section III. Given the polynomials P,+l(z) and Q,+,(z), we first selected k m+l so that P,(z) defined by (12) has order m. We found that, if Q,(Z) is then defined as in (17), it automatically has degree m. Similarly earlier in this section, we found k, and k, such that P,(z) and Q,(Z) have order m. Then the definition of R,(z) according to (51) automatically ensures that R,(z) has the reduced order m.
The above facts give us evidence that there is something 
. L-l nents. We now proceed to establish a certain property which explains the reason why we can always force an order-reduction in the above manner. First notice that, given two arbitrary polynomials PL(z) and QL(z) (not necessarily forming an allpass vector) P,(z) = ; pnzC" n=O Q,(z) = t qnz- In (65), each ki satisfies k? < 1 and k? + Lf = 1. Let us now define a polynomial J,(z) simply by appending a row to the (M -1) X M matrix of (65) such that the resulting A4 x A4 matrix is orthogonal Kz(z) A kh)Qrn(z)Rm(z) 1.. Um(z>Jm(z>lf = Kn+,Gm+,(z) (66) x?i+lxl+l = I&f-
If we now impose the additional restriction that G,,,+,(z) be (FIR) allpass, then H,(z) is also (FIR) allpass because of (67). Under this condition, we claim that J,(z) is automatically of the form 
We have thus shown how to construct an mth-order FIR allpass vector G,(z) from an (m + l)th-order FIR allpass vector G,+r(z). Fig. 17(a) shows how G,+,(z) can be reconstructed from G,(z). Notice that the circuit of Fig. 17(a) involves only one delay unit z-l. In order to complete the process, it remains to indicate how the orthogonal matrix X,, i should be obtained. For this, let us consider an example where M = 4; the 3 x 4 matrix of (65) is
The 4 
The M-input M-output building block for the cascaded FIR lattice structure has striking resemblance to a wellknown single-input single-output IIR digital filter structure, namely, the normalized Gray-and-Markel lattice structure [6] is orthogonal, and moreover, is structurally similar to the M X M matrix X, + i of (77).3 It should, however, be borne in mind that the matrix .?Z in (82) pertains to a single-input single-output IIR allpass structure, whereas the matrix XjY+i of (77) pertains to one section of a one-input M-output FIR allpass function of arbitrary order N -1. Notice also that the IIR structure of Fig. 11 is related to the theory of orthogonal polynomials [6] , [7] , [ll] , whereas the FIR structures of Fig. 18 cannot be directly related to orthogonal polynomials. Finally, the IIR allpass cascaded lattice can in turn be related to the theory of linear prediction and Gram-Schmidt orthogonalization of random variables, whereas no such interpretation of the cascaded FIR lossless lattice structure of Fig. 18 seems to be evident. 3More precisely, if the quantity N in Fig. 11 were the same as M, and if the subscripts on the k-parameters were read backwards, then .GZ is equal to sm+,. C. Variations of the Cascaded-Lattice Implementation
The procedure described above for the synthesis of an M-component FIR allpass vector does not necessarily lead to a unique structure. For example, the value of k, in (65) depends on which one of the M polynomials is defined to be the first polynomial Pm+r(z). Thus, at each one of the N -1 stages of iteration, we have a wide choice available. A permutation of the components in G,+r(z) in general leads to more than a mere permutation in G,(z).
From the point of view of finite-wordlength behavior, there does not seem to be any reason to expect this multitude of equivalent structures to behave differently from each other. This is because all the structures are cascaded interconnections of orthogonal building blocks, with each building block being a succession of M-1 planar rotations. However, it might turn out that a particular realization has certain k, coefficients that have simple values (such as k, = kl or 0). In general, it is difficult to anticipate this, and the choice of the "best structure" does not seem to be an easily tractable problem.
We, however, wish to outline one particular variation of the synthesis procedure that we shall find useful in the analysis-synthesis filter-bank application of Section VIII. Recall that, when we constructed the lower-order function G,(z) from Gm+lWy we ensured that each one of the polynomials P,(z), Q,(z), . . . , U,(z) has the highest power (corresponding to z-(~+') canceled, whereas J,(z) has the lowest power (constant term) canceled. Accordingly, Fig. 17(a) , which reconstructs G,,,+r(z) from G,(z) involves only one delay operator.
Instead of proceeding as above, let us assume that we cancel the lowest power (constant term) in each one of f',(z), Q,(z),-. 0, U,(z), and then cancel the highest term (coefficient of zeCm+l) ) in J,(z). Then the resulting cascaded-lattice structure has building blocks as shown in Fig. 19 , whereas the overall cascaded structure is as in 
for Fig. 20 . Note that ym(z), y(z), Ym(z), and r(z) are all M X M LBR transfer matrices. Moreover, the following property is satisfied by the constants involved:
P,'+Q;+ a.0 +S;=l, @+&;+ ... +$;=l.
Notice that Fig. 19 involves M -1 delays, and, accordingly, the implementation of Fig. 20 involves (M -1) (N -1) delays and is highly nonminimal in z-l. In contrast, the structure of Fig. 18 requires a total of only N -1 delays (i.e., the smallest possible number for order N -1). In spite of this, as we shall elaborate on in Section VIII, the circuit of Fig. 20 actually enables us to generate another transposed structure with the smallest number (N -1) of delays. This finds application in the analysis-synthesis bank of Section VIII. Before we conclude this section, it should be noticed that, given an M-component FIR allpass vector G,-i( z), the procedure for synthesizing it as a cascade of the form shown in Fig. 18 involves matrix-polynomial manipulations, at each stage of order-reduction. Accordingly, there can be numerical inaccuracies of significant amount when N and it4 are large. While computerizing the synthesis procedure, double-precision arithmetic is recommended strongly.
VII. FINITE-WORDLENGTH PROPERTIES OF THE
CASCADED-LATTICE FIR STRUCTURES In view of the LBR (or orthogonality) property of the building blocks of Fig. 17 , the cascade of Fig. 18 exhibits a number of interesting properties relating to finite-word- Fig. 21 . Pertaining to internal-signal scaling length behavior. First notice that, since the k, parameters satisfy kf f 1, they can be represented as fixed-point numbers in the range [ -1, 11 . We now proceed to look at a few other significant properties.
A. Automatic Scaling of Internal Signals
In order to scale a fixed-point implementation (with 2's complement arithmetic), it is sufficient to ensure that the signals which are input to internal multipliers be in the range (-1,l) . If the transfer function Hk(z) from the filter input to the k th multiplier input is such that its L, norm satisfies ]]Hk(ej")l12 ~1, and if this holds for all multipliers, then the structure is scaled in an L, sense.
Let us consider the cascade of Fig. 18 . The transfer function (vector) from the filter input x(n) to the set of M internal points (Ye, (pi,. f . , (~~-i in the Lth building block (see Fig. 21 ) is given by (86) Since 3Qz) are LBR and since ki + &i = 1, the entire M X M matrix on the right-hand side of (86) However, it should be emphasized that, in practice, we cannot in general quantize both k, and k, simultaneously, and yet satisfy kj? + I$: = 1. Thus, under quantized conditions, (93) does not in general hold. A more accurate sensitivity analysis seems to be therefore appropriate. Let us assume that for each module of the form Thus, all the multiplier-inputs in Fig. 18 are L,-scaled, automatically.
B. Roundoff-Noise Gain
A noise model as shown in Fig. 22 can be assumed to hold for the structure of Fig. 18 , provided that we do not permit any quantization inside the building block of Fig.  17 . If this assumption is not true, then a slight modification of the following analysis can readily be made, so as to incorporate a general noise model.
The M X M transfer matrix from the M-component noise vector [e,,,(n) . . . e,, M-i( n)]' to the M-output terminals of the filter is given by s(z) 4% 9&(z).
. . Ym+l(z) (89) which is clearly LBR. Assuming that each noise source is zero-mean and white with variance u,', and that different noise sources are mutually uncorrelated, we have for the total noise variance at the k th-output of the filter due to noise sources at the input of Ym+i(z) -where S(z) = [S&z)]. Since S(z) (and hence S'(z)) is LBR, (90) simplifies to uk" = u,'. (91) Thus, the total noise variance at the kth-output of the M-component filter, due to all noise sources, is u;,totd = N. u,'. (92) Recall that, for the direct-form implementation in an arbitrary (not necessarily linear-phase) FIR filter, the noise variance is given precisely by (92), provided that signals are quantized after each multiplication.
C. A Word On Coefficient Sensitivity
The 'structure of Fig. 18 is such that, as long as all the k-parameters satisfy kf 6 1, the function G,-,(z) is vector-allpass. Accordingly, the equality For simplicily, we consider only the structure of Fig. 3 . [ 1 ,v-l(z) which shows that A(z) itself is LBR because S,+,(z) and R/-,(z) are LBR. Thus which shows that each variational term in (100) is bounded above by unity. This gives us additional insight concerning low-sensitivity behavior of the cascaded-lattice structure.
The partial derivatives with respect to k, also satisfy a relation similar to (100).
VIII. APPLICATIONS IN THE DESIGN OF DIGITAL FILTER BANKS
The structure of Fig. 18 can also be used to implement a set of M FIR transfer functions [G,(z)G,(z) *. ., G M-1(~)]f = G,-,(z) such that they form a uniform filter bank [23] . Thus, we can let , G,h) = G,(zWk), k=O,l.. *M--l (101) where W p e-jzniM so that G,(ej") are shifted versions of G,(ej"). If we have a set of A4 FIR functions as in (lOl), and in addition if they are such that the vector G,-,(z) is allpass, the structure of Fig. 18 
In matrix form, we therefore have
where W is the M X A4 DFT matrix (superscript dagger denotes transposed conjugation), and E(z) stands for
006)
From (105) we' have, in view of the allpass property of G,-,(z) l= G",~,(z)G,~,(z) =,??(z)WW+E(z) = ME"(z)E(z).
007)
In other words, the vector mE(z) also represents an FIR allpass vector. In fact, given an FIR vector G,-,(z) with the components forming a uniform filter bank (i.e., (101) holding), G,-,(z) is allpass if and only if mE(z) is allpass. Note that, if the vector mE(z) is allpass, then so is the vector
(108) Here, each function Ek(z) has an order approximately equal to (N -1)/M. More specifically, letting N-l=mo+m,M, O<mo<M 009) the polynomials Eo(z), E,(z), . . ., E,,Jz) have order ml, whereas Emo+ 1( z), . . . , E,-1 (z) have order (ml -1). Since F(z) is an FIR allpass vector, it can be implemented as in . so]9-'(z-1).9-(z) (11.2) Because of the LBR property of y(z) and in view of (85) we get 2(z) =x(z). Thus, Fig. 24 represents a perfect analysis-synthesis signal reconstruction system, primarily because of the LBR properties indicated. Notice that Yf(zP1) is noncausal, and in practice we need to use z -(N-1).7f(~-1) in order to obtain a realizable system. Thus, a(n) = x( n -N + l), in a practical circuit of this type. If the set of functions Gk(z) happen to be related as in (101) (uniform filter bank), then the simplified version shown in Fig. 23 can be used in the analysis bank, and the corresponding transpose structure in the synthesis bank.
B. Further
Simplification of the Analysis -Synthesis Bank of Fig. 24 Recall that the "analysis bank" of Fig. 24 is a cascade of building blocks as in Fig. 18 . Accordingly, z-(~-~).Y(z-') has building blocks of the form shown in Fig. 25 , which therefore involves M -1 delays per section. Thus, the synthesis bank is highly nonminimal in terms of delays. Recall that, in Section VI, we developed an alternative cascaded lattice structure for vector FIR allpass functions (Figs. 19 and 20) . Thus, G,-,(z) can be implemented either as in z-(~-')@~(z-'), shown in Fig. 27 , requires only one delay. Thus, the analysis-synthesis bank of Fig. 26 is minimal in terms of delays. Notice that, because of'inherent automatic scaling of internal signals, our structures are not minimal in terms of the number of multipliers when compared to direct-form structures.
IX. 'AN APPLICATION IN THE DESIGN OF QMF (MULTIRATE) FILTER BANKS
An important class of filter banks used in the subband coding of signals is the quadrature-mirror-filter (QMF) 'banks [23] , [30] . These find application in cases where a signal should be split into several frequency bands and undersampled before coding and transmission, and then suitably recombined at the receiver. A number of versions of such QMF banks are known, some based on IIR filters and some on FIR filters.
A typical filter bank of this type is shown in Fig. 28 , for which detailed analyses can be found in [23] and [30] . Here, H,(z) and H,(z) are, respectively, low-pass and high-pass functions, designed to meet certain attenuation requirements in their respective stopbands. In general, one can always find combinations of Ho(z), Hi(z), G,(z),-and G,(z) such that X(z,) is free from aliasing errors. With such combinations, X(z) is then related to X(z) by means of a transfer function
Thus, the reconstructed signal a(n) is a distorted version of x(n). If T(z) is an IIR allpass function, then we have only phase distortion, while if T(z) is a linear-phase FIR function, we have only amplitude distortion. Smith and Barnwell have shown [30] that, if H,(z) and H,(z) are restricted to be FIR, but not constrained to be linear-phase FIR, then the circuit of Fig. 28 can be suitably designed such that, not only is the aliasing error perfectly canceled, but, in addition, T(z) becomes a simple delay. In other words, a(n) is an exact replica of x(n) with no amplitude or phase distortion, except for a fixed amount of time delay. The precise choice of the relation between the transfer functions Ho(z), Hi(z), G,(z), and as shown in [30] . Such designs, therefore, lead to perfect reproduction of the signal x(n) in Fig. 28 , except for an overall delay to ensure causality of building blocks. It should be noticed that, unlike the structure of Fig. 28 , the original circuit in [30] contains an additional delay operator and an additional advance operator. A causal version of this circuit, along with appropriate redefinitions of H,(z), G,(z), and G,(z) leads to Fig. 28 . The choice in (117) is merely a causal version of the method outlined in [301. where H,(z) is of order N -1, and has real coefficients. Moreover, in view of (121) F,(z) satisfies F,(z)+FO (-z) =constant.
The constant in (123b) can be made equal to unity trivially by scaling. Thus, if H,(z) is defined as in (117), then in view of (123), eq. (120) automatically holds. Specifically, for the purposes of our numerical example, we take H,(z) to be the minimum-phase spectral factor of (123a) and then define
Now in view of (120), the analysis filter bank in that the following condition holds4 R,(z) + R,( -z) = constant.
(121) Next, a zero-phase low-pass FIR transfer function F,(z) is contructed from R,(z) such that Fo(eJw) is nonnegative F,(z) = R,(z)+ 6.
(12-4 F,(z) can therefore be spectral-factorized F,(z) = fmfcJ(z-l)
The FIR allpass vector H,(z) = [H,(z) z-19H,,-z-l)]' is now implemented as a cascaded lossless lattice, as in Fig. 3 . This, then, completes the "analysis bank" design in 
4Notice that, if N -1 is even then, because of (121), the coefficient of R a& (z) corresponding to z -cN-') is zero. Hence, N -1 can always be t en to be odd, wit out loss of generality. 
Thus, the even-numbered lattice sections are multiplierless. In view of this, and in view of the fact that the lattice structure automatically satisfies (120), we feel that these structures are particularly well suited for this particular subclass of QMF banks. The odd-numbered lattice sections can be implemented in denormalized form (Fig. 4) if it is necessary to minimize multipliers. Table II shows the lattice coefficients, and the denormalized multiplier-coefficient (Y,. The table also includes the direct-form coefficients of the low-pass transfer function H,(z) (which is QN-i(z) according to Fig. 3 notation) . Fig. 29 shows the magnitude responses of H,(z) and Hi(z). The total number of multipliers in the denormalized lattice is equal to 20, for the entire analysis bank. For the direct-form, a structure with 20 multipliers (19, if an overall scale factor is ignored) for the analysis bank can be obtained as in Fig. 30 , because of (119).
The multipliers (Y,,, in the denormalized lattice, quantized to a sum of three powers of two, are shown in Table  III , along with the nonzero powers of two in the binary representations. Fig. 31(a) shows the magnitude response of H,(z) with multipliers quantized to 3 bits. The passband details for 3-bit quantization are also shown here. Figs. 31(b) and (c) show the lattice structure and the 1063 direct-form responses, with 2 bits per multiplier. The quantized lattice has much superior response than the direct;form and essentially resembles the ideal, unquantized 'response.
In order to obtain a comparison measure based on bit-multiplier products, the direct form was simulated at higher precisions. The 5-bit direct-form was found to have a performance comparable to the 3-bit lattice (Fig. 32) . Table IV summarizes the results, including bit-multiplier products.
X. CONCLUDING REMARKS In this paper, a procedure has been outlined for the synthesis of a cascaded-lattice structure that can realize an arbitrary M-component FIR allpass transfer function G,-,(Z).
The structure is in the form of a nonrecursive cascade of lossless, nonrecursive building blocks. Each building block is either a planar rotator or a succession of planar rotators. The structures are automatically internally scaled in an L, sense. These structures are passive and find applications in low-sensitivity FIR filter implementations and in the implementation of filter banks, including quadrature mirror filter implementations for multirate signal processing. Some of these applications were demonstrated in the paper by numerical design examples.
